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Dispersion of Homogeneous and Inhomogeneous
Waves In the Yee Finite-Difference
Time-Domain Grid

John B. SchneideMember, IEEEand Robert J. Kruhlak

Abstract—The numerical dispersion relation governing the tion he derived is correct, but the assumption that some coarsely
propagation of homogeneous plane waves in a finite-difference resolved fields have a phase velocity of zero is not. As Taflove
time-domain (FDTD) grid is well known. However, homogeneous yannrted, the phase velocity decreases as the discretization be-

plane waves, by themselves, do not form a complete basis set H h in 9 threshold
capable of representing all valid field distributions. A complete comes more coarse. However, as was shown in [9], a thresho

basis set is obtained by including inhomogeneous waves, where €ventually is reached beyond which a further increase in the
in the physical world, constant phase planes must be orthogonal coarseness results in a wavenumber that is complex. The phase
to constant amplitude planes for lossless media. In this paper, velocity for these waves with complex wavenumbers actually
we present a dispersion analysis for both homogeneous andj,-reases with grid coarseness and at no point is it zero. In fact,

inhomogeneous plane waves in the Yee FDTD grid. We show that, tai tral ¢ hich fert luminal
in general, the constant amplitude and constant phase planes of certain spectral components, which we refer to as superiuminal,

inhomogeneous plane waves are not orthogonal, but they approach have a phase velocity greater than the speed of light. One-dimen-
orthogonality for fine discretization. The dispersion analysis also sional (1-D) (or grid-aligned) superluminal FDTD propagation

shows that, for very coarsely resolved fields, homogeneous wavesyas explored in [9]. The analysis demonstrating superluminal

will experience exponential decay as they propagate and they may o ayior in the FDTD grid will be restated in the Section Il and
propagate faster than the speed of light. Bounds are established results will be given for obliquelv propagating waves
for the speed of propagation within the grid, as well as the highest 9 quely propag g :

frequency and the shortest wavelength that can be coupled into 1N Section Ill, we present the dispersion relation for inhomo-
the grid. Analysis is restricted to the classic Yee algorithm, but geneous plane waves (the familiar homogeneous dispersion re-

a similar approach can be used to analyze other time-domain |ation is a special case of the more general inhomogeneous one).
finite-difference methods. We show that the planes of constant phase and constant ampli-
Index Terms—FDTD methods. tude are not necessarily orthogonal in a lossless FDTD grid. We
also demonstrate how the dispersion relation can be used to de-
termine the attenuation constant associated with total internal
reflection in FDTD simulations. This analysis shows how the
T HE second-order Yee finite-difference time-domaigjispersion relation can be used to quantify the error in evanes-
(FDTD) technique [1] is arguably the most robust andent fields. For the case of total internal reflection, it is found
successful numerical technique available today to solve pralat the error in the attenuation constant in the rarer medium is
lems in electromagnetic-wave propagation. The techniqdgongly governed by the discretization in the denser medium.
has been the subject of three books [2]-{4], as well as nearlyye restrict the analysis to the original Yee algorithm since
3000 journal and conference papers [5], [6]. Despite thes still one of the most popular and robust time-domain fi-
vast attention the FDTD method has received, the dispersigife-difierence techniques. Although simulations of real (phys-
relation for the complete plane-wave basis set has never bg&f) world) wave phenomena are not done near the discretization
derived. Rules-of-thumb have been developed for suitahigit supported by the Yee grid, in nearly all FDTD simulations
discretizations (e.g., [7]). However, these rules have been baggste will be some energy present in this coarsely resolved por-
solely on consideration of homogeneous (propagating) wavgs of the spectrum. Our analysis clearly defines the behavior of
and may not be useful when inhomogeneous (evanescent) figlgds vee grid at and near the discretization limit for both homo-
play a significant role in a given problem. geneous and inhomogeneous wave propagation. Although the
Taflove has previously derived the dispersion relation for hee algorithm is the focus here, a similar analysis, i.e., one that
mogeneous waves in the FDTD grid [8] (see also [3]). The equgges not restrict consideration to real wavenumbers, can be ap-
plied equally well to other techniques.
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and can, depending on the grid resolution, propagate fastemdrere N, = A\/$ is the points per wavelength, is the exact
slower than the speed of light in the physical world. We estatvavelength, and = cAt¢/é is the Courant number (or stability
lish bounds on the greatest propagation speed within the grfigigtor). Thus, for a uniform grid, (1) can be written as

as well as on the highest frequency and the shortest wavelength

that can be coupled into the grid. The special cases of pr% sin? <L S)
agation along the grid diagonal and propagation along one f N

the grid axes are used to establish the limiting behavior of the 3 3 3.
9 g (ﬁ) (ﬁ) (fw). ©

grid. Unlike the analysis presented in [9], which only consid- 2

ered 1-D (grid-aligned) propagation, no restrictions are placed

on the angle of propagation. Equations (2)—(4) can be used in (5) to obtain an expression that

In the physical world, the free-space dispersion relation iielates the numeric wavenumbeérto the Courant numbes,

c = w/B, wherec = 1/,/ne€ is the speed of lighty is the points per wavelength, and direction of propagation. Typically,

frequency, ang is the wavenumber. The dispersion relation fothe numeric wavenumber must be determined from (5) using

homogeneous waves propagating in the Yee grid is [3], [8] a root-finding technique since a general closed-form solution
does not exist. However, closed-form solutions are permissible
in special cases as shown below.

1 sin2 <“’At> To demonstrate that the numeric wavenumber can be complex
2 At 2 and that the phase velocity can be greater than the speed of light,
1. Be Az 1 . B, Ay we first consider grid-aligned propagation such that two of the
_ 2 2 Y . N
= A2 2 A o 2 numeric wavenumber components in (2)—(4) are zero and the

. third is equal to the numeric wavenumber. For example, when

n 1 sin? </3ZA2> (1) the direction of propagation is given ly= /2, ¢ = 0, then
Az? 2 By = B. = 0andg, = S. In this case, the dispersion relation
can be solved for the numeric wavenumber to yield

whereAx, Ay, andAx are the spatial step sizes aid is the 1
temporal step size. In (1), the temporal dependence is under- 3,6 = 2sin™* <— sin <l S)) =2sin7(¢)  (B)
stood to bexxp(jwnAt) and the spatial dependence is given by S Nx
exp(—jB - r), wheref,, 3,, andj. are thez-, y-, andz-com-
ponents of the numeric wave vecirrespectively, given by

where a subscript one has been addeg to indicate this is
for grid-aligned propagation and the argument of the arcsine is
defined for notational convenience to fie= sin(wS/Ny)/S.

In three-dimensional (3-D) simulations, the Courant number

/f“’ - /fs?n b C_OS ¢ @) S must be less than or equal 1g+/3 and, hencel; can be
Py =PBsinfsin ¢ (3)  greater than unity. The threshold between wavenumbers that are
B. =pPcosb (4) realand ones that are complex i @f unity. If V, is decreased

such that); is greater than unity, there is no rehlthat satisfies

andr is the position vector that can only take on the discretae dispersion relation; however, a compléxdoes permit a
values dictated by the node locations within the Yee grid. Bolution. Although3; will be complex, the corresponding wave
general, a tilde will be used to distinguish between numeric aifghot inhomogeneous since the amplitude and phase planes will
exact (i.e., physical world) quantities. be parallel. Instead, the complex wavenumber yields a wave that

In an FDTD simulation, one selects the temporal and spaxponentially decays as it propagates (as if the homogeneous
tial step sizes. As time-stepping progresses, one has complegswe were propagating in a lossy material).
control over the temporal variation of the source functions in- A second case that permits a closed-form solution
troducing energy into the grid. Hence, one can establish exémt 2 in (5) is propagation along the 3-D grid diag-
correspondence between the temporal variations in the grid aml (i.e., § = cos™'(\/1/3), ¢ = =/4) such that
physical world. However, the phase velocity of any propagating. = 3, = 3. = /3. Solving (5) for the numeric
wave is dictated by the grid itself—one cannot establish exagdvenumber yields
correspondence between wavenumbers in the grid and physical
world. Therefore, the frequenayin (1) is assumed to be exact 3.5 = 2v/3sin! < 1 sin <l 5)) - 2\/§sin*1(<°3)
and does not require a tilde, while the wavenumiggrss,, and 5vV3 N
(3. are not exact and require a tilde. (7)

To simplify the analysis, we assume a uniform grid in Whlcovhereg’g _ sin(rS/Ny)/v/3S and the subscript three is used to

Ar = Ay = Az = §. The argument of the left-hand-side” ! . ) )
. S : . ndicate propagation along the diagonal of a 3-D grid. As in (6),
sine function in (1) can be expressed in terms of the points F{ﬁﬂ argu%egt gf the arcsigr]fg can lt?e greater thar? one Whén)
wavelength and the Courant number this occurs, the wavenumbgs is complex.
To establish the range of discretizations that will yield com-
1 A 1 27c A 7 cAt 7 plex wavenumbers, we need to determine the minimum wave-
v = 2 t= Ny 6 Ny S length)..;, the grid will support. The highest frequency that can
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be coupled into an FDTD grid if... = 1/(2A¢) (a sequence  To compare the numeric and exact phase velocities, we take
of alternating plus and minus ones has this frequency) implyitige ratio of the numeric phase velocity to the exact velocity for
a minimum wavelength ok,,i, = ¢/ fmax = 2¢At. Dividing grid-aligned and diagonal propagation. The numeric phase ve-
Amin by the spatial step size yields the minimum valuéVaf  locity is given byc = w/R(/3), whereR(-) indicates the real part
(this definition holds for any direction of propagation, but the

N min = 2¢At/6 = 25. following discussion focuses on either grid-aligned or diagonal
In 3-D simulations, where stability dictates ttais less than or Propagation). In the physical world, the (exact) phase velocity
equal tol/\/ﬁ, the maximum value Qs i is2/\/§ ~1.155. IS related to the wavenumbgr \_/d:a: w/ and the continuous
One might expect a discretization of at least two points pfavenumber in free space is given By= 2/ = 27/(6Ny).
wavelength, otherwise the wave apparently is sampled below figSuming that a wave is so coarsely sampled that it has a com-
spatial Nyquist rate. This seeming paradox is resolved by notiRlfX Wavenumber (i.e., that(5)é = ), upon canceling terms
that N is defined in terms of the physical-world free-spac8nd multiplying numerator and denominator &the ratio of

wavelength and not the wavelength in the grid. Even whent2 numeric to the exact phase velocity for grid-aligned propa-
given frequency is such that the spatial sampliyg is less 9ationis

than two, the energy corresponding to this spectral component w /éR (/3 )
is coupled into the grid—it is not spatially aliased into another ¢ _ Yo Bé_2m/Nx 2 (12)
frequency. ¢ w/pB R (/31) s T N
Inserting (8) into (6) or (7) yields the wavenumbers at the
highest frequency the FDTD grid supports as follows: Thus, the numeric phase velocity is related to the exact speed of
) 1 light by
/31, lim(5 =2 Sin_l <_> (9) 2
S &= —c (13)
B3 1im6 = 2v/3sin™! 1 (10) M
S e SvV3/)° For propagation along the grid diagonal, similar steps can be
_ ) followed. For waves with complex wavenumbers, the result is
In three dimensions, wherg < 1/\/3,,the argument of the
arcsine in (9) is greater than unity, thuf, 1., is clearly com- Gy = 2 _ . (14)
plex. In general3; will be complex for all spectral components Nav3

. L1
that have a resolutios, win < Nx < Sm/sin”*(5). Onthe  ging v, . in (13) and (14) yields the maximum numeric

other hand, the argument of the arcsine in (10) will be unityj,,<e ejocities in the FDTD grid for grid-aligned and diagonal
provideds is equal to the 3-D limit ofl /+/3 and at this limit

/337 1m IS real. However, off-diagonal propagation requires ﬁeld%ropagatmn
with complex wavenumbers. Furthermore, if a simulation uses [ 1 c (15)
a Courant number below the 3-D limjg; 1;,,, will be complex ’ S
and complex wavenumbers will exist at all angles. A L c (16)
When the argument of the arcsine function in (6) or (7) is ’ SV3
greater than unity, the arcsine can be evaluated as follows. T€ysing the definition of the Courant number, these bounds on
arcsine function is given by [10] the speed of propagation can be written as
sin™(¢) = —jln |:JC ++1-— CQ} . G = b a7)
Assuming( is real and greater than one, the argument of the . A1t §
square root is negative. Thus, the argument of the log function €3, max = % At (18)

can be writtery¢++/1 — {2 = j({++/¢% — 1). This argument

is NOW purelynircﬁaginarygvith ;(riagnifude C)f+ \/CQ—_gl and For grid-aligned propqgation, (17) dictates .that for every'tim.e

a phase ofr /2. Employing the identityn[re’®] = In[r] + j6, stepAt some energy W|_II propagate to the _adjace_:nt cell, Whlch is

the arcsine can be writien 6 away. Thus, the maximum phase velocity, or inherent “lattice
velocity,” for grid-aligned propagation i&/At. Note that the

sin™!(¢) = g —jln [C + V(- 1} . lattice velocity is completely determined by the discretization
chosen and is independent of all other physical parameters (i.e.,
For grid-aligned propagation, this yields it does not depend onor ). Similarly, (18) is consistent with
R the fact that it takes three time steps for energy to travel from
pré6=m—j2In |:<1 +4/G - 1} (11) one corner of a unit cell to the diagonally opposite corner. Since

the distance between the corners/i86, the lattice velocity in
where, as before,; = sin(Sw/N,)/S. For plane-wave propa- the diagonal direction i§/Atv/3.
gation given byexp(—;5161), wherel is the spatial index, the  Fig. 1 shows the ratio of the numeric phase velocity to the
per-cell phase constantisand the per-cell attenuation constanéxact phase velocity as a function of the grid resolution (i.e.,
is21n[¢1++/¢? — 1]. Note that, provided; is greater than one, the size of the spatial step in fractions of a free-space wave-
the phase constant is independent of the discretization. length). The Courant number corresponds to the 3-D limit of
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Fig. 1. Ratio of the numeric phase velocity to true phase velogjty)(as Fig. 3. Per-cell attenuation constasif36) as a function of grid resolution
a function of grid resolutionl(/V',) for four directions of propagation in the (1/N,) for four directions of propagation in they-plane. The Courant number
xy-plane. The Courant number 1¢+/3, which gives aVy i, of 2/V3 &=  is1//3.

1.155 or a maximum spatial step 6f866A.
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. . . . 5 Fig. 4. Per-cell attenuation constas36) as a function of grid resolution
Fig. 2. Ratio of the numeric phase velocity to true phase velocity)(@s a (1, ) for four directions of propagation. For each curveis held fixed at
function of grid resolutioni/N,,) for five different directions of propagation. 450 \while 6 takes on the values of 9(B(F, 7¢°, or 6C°. The Courant number is

For each curvey is held fixed at 43while ¢ takes on the values of 9B, 7¢°, 1/V3.

or 6C°. The result for propagation along the grid diagorakf 45°, cos(8) =

1/+/3), which overlaps the ideal result, is also plotted. The Courant number is

1/3. number less than the limit been used, the phase velocity along

the grid diagonal would not be ideal.

1/\/3 implying a N, min Of 2/\/3 ~ 1.155 or a maximum Although Figs. 1 and 2 include superluminal waves, the re-
spatial step size of approximately866\. Results are shown sults shown in these figures are consistent with the standard as-
for four different directions of propagation in thg-plane, i.e., sumption that dispersion error is maximum along the grid axes
6 is held fixed atr /2. The anglep is either G (grid-aligned), and is minimum along the diagonals for the Yee FDTD grid.
15°, 30°, or 45. The dispersion is symmetric and periodicfin Furthermore, it is still true that dispersion errors are minimum
such that results at an angle= 45° + £ are the same as thosen the Yee algorithm at the Courant limit (i.e., for a fixed angle
at¢p = 45° — £. Each curve is continuous, but there is a dissf propagation, a reduction in the Courant number results in an
continuity in slope, which occurs when the wavenumber transitcrease in error).
tions from being purely real to complex. Discretizations to the Figs. 3 and 4 show the “per-cell attenuation constants” as a
left-hand side of the discontinuity yield purely real wavenumfunction of grid resolution for the same directions of propaga-
bers. tion considered in Figs. 1 and 2. We define the per-cell attenua-

Fig. 2 is similar to Fig. 1, except) is held constant tion constant as(/36), whereS(-) indicates the imaginary part
at 45 and # takes on the values 908C°, 70°, 60°, or of the argument. The rate of decay typically decreases as the di-
cos~(1/4/3) =~ 54.74°. This last angle corresponds torection of propagation approaches the grid diagonal. There is no
propagation along the 3-D grid diagonal and produces idesttenuation associated with propagation along the grid diagonal
dispersion since the 3-D Courant limit was used. Had a Courdfit~ 54.74°, ¢ = 45°).
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Since FDTD simulations typically employ a “reasonablebr more succinctly
discretization (such as 20 cells per wavelength), it may appear

that these waves with complex wavenumbers are mostly of by 9-72=0 (21)
pedagogic interest and may have little practical implications. _ N _
However, nearly all FDTD simulations start with no energwherey? = —w?se + jwuo ando is the conductivity. Using

in the grid. Sources, whether they are embedded within thE9) in (21) and rearranging yields

grid, lining a total-field/scattered-field (TF/SF) boundary, or

distributed throughout a scatterer in a SF formulation, must a-a—f-B+ 20 f=—wue+ jwpo. (22)
be turned on at some initial time. When these sources turn L . .

on, they introduce some energy across the entire spectri@ifica andg are, by definition, real, the real and imaginary
In a well-designed simulation, the amount of energy at tiR&rts of (22) can be equated to obtain

coarse discretizations will be small, but it is, nevertheless, )

nonzero. Additionally, there may be other practical reasons B-P-a a=wipe (23)
for the incorporation of complex wavenumbers into FDTD a- B :lw/w_ (24)
analysis. For example, it was shown in [9] that the fields at a 2

pointin the grid can be predicted from knowledge of the sourggy 5 |ossless material, the conductivitys zero and, thus, (24)
function and the dispersion relation. It should be possiblgictates that andg are orthogonal, i.e., the constant amplitude
therefore, to construct an “exact” TF/SF formulation whergjanes are orthogonal to the constant phase planes.

there is no leakage of fields across the boundary even whempe is naturally led to ask if the orthogonality of constant
the incident field is propagating obliquely. (Currently, if théyhase and amplitude planes is maintained in the FDTD grid. The
incident field is propagating along one of the axes, an exagiswer is no, but they become orthogonal as the grid resolution

TF/SF formulation can be obtained using an auxiliary 1-Boes to zero. To derive the dispersion relation for inhomoge-
grid that mimics the dispersion the incident field suffers [11heous waves, considerIaV* plane wave given by

However, when the field is obliquely incident, no formulation

has been presented that does not leak some energy [3], [12_ (], J, n) = E.q exp(jwnAt — 3, 1Az — 3, JAy)  (25)
[13].) As another example, it is rather simple to show that, . . - e

for complex wavenumbers, the reflection coefficient for the Ha(l, J, ) = Hao eXp(‘{wnAt Y”IAQ: lnyAy) (26)
Higdon absorbing boundary condition (ABC) is greater thanHy(L; J, n) = Hyo exp(jundt — 3 1Az — 3, JAy)  (27)
unity. This growth at the terminal boundary of the grid may

explain some aspects of the late-term instability of this ABC. Where. and¥, are thez- andy-components of the complex
numeric wavenumbel, and./ are spatial indexes, is the tem-

poral index, andt.q, H,o, and H,, are amplitudes, only one
IIl. | NHOMOGENEOUSWAVES of which may be set arbitrarily. In the Yee algorithm, the dis-
In this section, we obtain the dispersion relation for inhoméretized version of the-component of Faraday’s Law is
geneous waves in the Yee FDTD grid. First, we review the equa- 1 1 1 1
tions governing inhomogeneous waves in the physical world g, <_r, J+ 30" + _> —H, <_r7 J+=,n— _>

establish a notational convention. The 2-D FDTD dispersion re- 2 2 2

lation is then derived in the context of BM~* polarized wave At

(the magnetic field is transverse to thalirection). Finally, the _ 1 E.(I, J+1,n) = E.(I, J, ”). (28)
dispersion relation governing 3-D propagation is presented and 2 Ay

the case of total internal reflection is analyzed.

Consider a wave in the physical world with spatial d
pendence given byxp(—vy - r), wherer is the position
vector (z, y, z) and the complex vectoy has components

We assume from the outset that the wave is propagating in a
Slossless medium. Using the assumed plane wave (25)—(27) in
(28) and solving for the ratio of the amplitudésk,, and £

(Yxs vy, 7-)- Let & and B be the real and imaginary parts,erIOIS
respectively, ofy such that " Ay
H’L‘O . At St 2
1mn| ——

Temporal dependence is understood tadag(jwt). Note that
constant amplitude planes are orthogonakt@nd constant An equation similar to (28) can be written for tpecomponent
phase planes are orthogonal@oWe subsequently catt the of Faraday’s Law from which one can relate the amplitulgs
attenuation constant anélis identified as the phase constantand E.,. The result is
Applying the wave equation to any component of the wave R
yields, in a source-free region, the following constraint equa- N sinh <%A$>

t

o H
tion: Hyo _ j 2 ' (30)

Eo pAzx ,<wAt>
sin [ ——

Ttvy =7 =0 (20) 2
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Finally, writing the discrete from of the-component of Am- Ay
pere’s Law and using (29) and (30) to replace the amplitudes Freee Space
yields o Ho
B =B =Bx
Al nety
. —
e sin? w_At = —i sinh? w Bax *
At? 2 Agx? 2 B,
1 SVAN | Dielectric
—A—yQSinhQ <¥> . (31) Pay| />0 £,=€, €0, Ho
Bax

We expandy, and 7, into explicit real and imaginary partsrig. 5. Assumed geometry for total internal reflection.
using¥, = &, + jfB: andy, = &, + jB,. In contrast to the
previous section, where (wavenumbgrgould be complex, in
this section, we will restrict consideration to (phase consta
3's, which are real. Expanding thénh?(-) terms in (31) and
equating the real parts of the left- and right-hand sides yields

2 o7
— — 5
2 (29)

zis used instead of or . For a uniform grid in whichAz =
”&y = Az = 4, the dispersion relation can be written as follows:

Aﬂ; sin” <WTN> = [l—cos (/Lé)cosh(dmé)} + [l—cos (ﬁyé) COSh(dy(S):|
- A%? % [1 _ cos (/émm) cosh(dmm-)] + [1 — cos (/Lé) cosh(dzé)} (34)
+ ALUQ % [1 — cos (ByAy) Cosh(dyAy)} . (32

0 = sin (/}wé) sinh(é&,6) + sin (/}yé) sinh(d,6)

Equating imaginary parts in (31) yields 1 sin (Bzé) sinh(a. 8). (35)

0= ﬁ sin (/3mA$) sinh(a,Ax) Equation (34) appears to be different from the familiar FDTD
dispersion relation for propagating waves [see (1) or (5)]. How-
ever, setting they's to zero and employing the identify —
cos(€)]/2 = sin?(¢/2) shows that (34) reduces to the disper-
) ) ) ) sion relation for homogeneous waves.
Equation (32) is the FDTD analog of (23), while (33) is the ¢ jjlustrate how one might use the dispersion relation to
analog of (24) with a conductivity of zero. guide the construction of an FDTD simulation, we consider the
The relationship between planes of constant phase and plaggse of total internal reflection. As shown in Fig. 5, a plane wave

of constant amplitude in (lossless) FDTD grids is dictated By jncident from a dielectric to free space. We further assume
(33). Unlike in the physical world, these planes are not nec 1 = Mo, €4 = €€ (6. > 1), and the incident anglé is be-

sarily orthogonal. However, employing the small argument aPond the critical angle.
proximations for sine and hyperbolic sine, one can write

I . .
+A_y2 sin (/}yAy) sinh(é, Ay). (33)

In the physical world, the magnitude of the phase constant
in the dielectric is given bysy = w,/e et = /e-fo. The
z-component of the phase constantjs= /3, sin 6 and governs
the phase propagation tangential to the interface. Continuity
of the fields at the interface requires that this phase constant
also pertain in the free-space region. Wh#ysin 6 is greater

ﬁ sin ([%Aw) sinh(é, Ax)
T

T s . -
+ Af sin (/}yAy) sinh(dy, Ay)

_ =3 ~2 32 2 than 3y, the fields in the free-space region will be inhomo-
= Qafy (1 + [a’“ /3,7;} Az /6) geneous—constant phase planes will be perpendicular to the
+ Gy By (1 + [&3 _ Bﬂ AyQ/ 6) z-axis and constant amplitude planes will be perpendicular to
5 . they-axis. The phase and attenuation constants must satisfy the
+ O(Az") + O(Ay"). following:
2 2 _ 2
Thus, the difference between (33) and the exact relation is Pz =y = o (36)

second order, so that in _the limit of small discretization, thﬁsing thez-component of the phase constant, as dictated by the
constant phase and amplitude planes are orthogonal. incident field and solving fory,, yields
y!

The 3-D version of the inhomogeneous dispersion relation is
similar to (32) and (33)—one merely has to add one more term
like the ones already appearing on the right-hand side, except vy = fole,sin? 6 — 1)1/2, (37)
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At the critical angley, is zero and for all angles beyond the 18

critical angle,«, is real and positive.
Inthe FDTD grid, we again assume an incident angletbat
is greater than the critical angle (although, as described belov 1.4

—F

Exact

---------------- FDTD, 6=50°
——— - FDTD, 8=70°
—r— FDTD, 6=90°

the precise value of the critical angle will be different in theg |
grid than it is in the physical world). The phase constant in theg 12 -
dielectric isf3,, which must be obtained via the FDTD disper-
sion relation. We continue to equate the Courant nunsbeith g
cAt/é, wherecis the speed of propagation in free space. There  os |
fore, the dispersion relation that pertains in the dielectric shouls

have bothS and NV, scaled by,/e,.. Defining Ny, = Nx/\Ver, 06 |
the (homogeneous) dispersion relation goverrings 04 !

Points Per Wavelength (Ny)

¢ . of ™ 8
—5 sin
52 N)\d \Y4 6’I‘ . . c - .
N . Fig. 6. Attenuation constant,é as a function of free-space points per
9 Bazd 9 /jdyé wavelengthV,, . The incident angle is 3070, or 9C. The relative permittivity
= s o + sin 9 of the dielectric medium is nine and the Courant numbdr/i¢/3. The exact

solutions are shown as solid lines.

/3d6;3089> . (39

Exact

For a given set of parameters (i.€., Vx, 5, and), (38) can be Bl ey N2 ]
solved for3, or, more precisely, fof,¢ sin 6. In free space, the i FDTD, N;=30

wave is assumed to be inhomogeneous suchdhat 5, and —

&, = 0, i.e., thexz-component of the phase constant is nonzerxg 1

and there is no decay associated with propagation in-tlieec- = =T
tion. Thus, the “orthogonality condition” (33) is satisfied in free & N=10 .

space provided thg-component of the phase constantis zero .|

Note that in this limiting (grid-aligned) case the orthogonality
condition yields the same behavior as in the physical world—th
constant phase and amplitude planes are orthogonal. The atti ;
uation constant,, must be obtained via (32). Recognizing that A T
continuity of the fields at the interface dictates that the phas
constant in the:-direction be the same in both media and using

the identity(1 — cosh(z))/2 = — sinh2 x/2), &, is found to be Fig. 7. Attenuation constant,é as a function of incident angle. The relative
y( ( ))/ ( / ) Y permittivity of the dielectric medium is nine and the Courant numbéyig3.

. R . 3,6 sin 6

dyd = 2sinh ! < [sm2 </d—

The points per wavelength is 10, 20, or 30. Exact solutions are shown as solid
2 )
1/2
L ( s
S2 Ny '

lines.
(39)

Incident Angle 0 [degrees]

is shown as a solid line. As would be expected, the agreement
between the exact and FDTD values improves as the discretiza-
tion increases. Note that, as shown in (39), the phase constant
in the dielectric is intimately related to the attenuation constant
in free space. Since the error in the dielectric phase constant is
Within the FDTD grid, the critical angle can again be definegictated by the (coarser) sampling within the dielectric, the error
as the angle at which the attenuation constanis zero, but, i the attenuation constant is governed not so much by the sam-
rather than (37), this angle must be determined from (39), whejihg in free space, as by the discretization within the dielectric.
Badsin f is obtained from (38). Fig. 7 shows the exact and FDTD values &6 as a func-

To facilitate comparison between the physical and discretizgg of the incident angle. The relative permittivity and Courant
worlds, we multiply both sides of (37) hyto obtain number are the same as Fig. 6 and the points per wavelength is
either 10, 20, or 30. For ead¥,, the exact solutions are shown
as solid lines. The exact critical angle is approximately 19.47
Allthe exact curves, independent of the discretization, go to zero
Fig. 6 shows both the exact and FDTD valuesdgé as a func- at this angle. The FDTD critical angles, on the other hand, do
tion of the points per wavelength in free space. We have chosw@st correspond to this value. For example, with a discretization
the dielectric relative permittivity to be nine so that the pointsf N, = 10, the FDTD critical angle is approximately three
per wavelength in the dielectric is one-third of the free-spackegrees less than the exact value (the agreement between the
value. The Courant numberig+/3 and the incident angle is ei- FDTD and exact critical angles is better at the finer discretiza-
ther 50, 7C°, or 9C". For each incident angle, the exact solutiotions). ForN, = 10, one clearly sees that the FDTD attenua-

y§ = Bod(epsin®6 — 1) = ]2\]—” (e,sin26 — 1)/ (40)
A
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tion constant can be greater than or less than the exact value d¢s] K. L. Shlager and J. B. Schneider, “A selective survey of the finite-dif-
pending on the incident angle. This also holds true at the other ~ference time-domain literaturelEEE Antennas Propagat. Magvol.

di . 37, pp. 39-56, Aug. 1995.
Iscretizations. [6] , “A survey of the finite-difference time-domain literature,” Ad-

vances in Computational Electrodynamics: The Finite-Difference Time-
Domain MethodA. Taflove, Ed. Norwood, MA: Artech House, 1998,
ch. 1, pp. 1-62.

; ; ; [7] P. G. Petropoulos, “Phase error control for FD-TD methods of second
The FDTD dlsper5|on relation for homogeneous waves and fourth order accuracy|EEE Trans. Antennas Propagatol. 42,

permits solutions with complex wavenumbers. These complex pp. 859-862, June 1994.
waves experience exponential decay as they propagate and th¢8l A. Taflove, “Review of the formulation and applications of the finite-dif-

; ; ; ference time-domain method for numerical modeling of electromagnetic
can propagate faster than the speed of |Ight. Consistent with wave interactions with arbitrary structure$\fave Motionvol. 10, no.

previous assumptions, the dispersion errors associated with g pp 547-582, 1988.

these waves are maximum along the grid axes and minimumni9] J. B. Schneider and C. L. Wagner, “FDTD dispersion revisited: Faster-
a|0ng the grid diagonal. g;a_rgggl;te%roi)gggnon,lEEE Microwave Guided Wave Letvol. 9, pp.
The dispersion relation for inhomogeneous plane waves waso] R. v. Churchill, J. W. Brown, and R. F. Verhe§omplex Variables and

derived. Unlike in the physical world, the constant amplitude Applications New York: McGraw-Hill, 1976.

; ] J. Fang, “Time Domain Finite Difference Computation for Maxwell’'s
and constant pha}se planes are. hot necessarily .OrthOgo.nal' FEH’ Equations,” Ph.D. dissertation, Elect. Eng. Comput. Sci. Dept., Univ.
the case of total internal reflection, the FDTD grid may intro- California at Berkeley, Berkeley, CA, 1989.
duce too much or too little attenuation, depending on the specififi2] U. Oguz and L. Gurel, “Interpolation techniques to improve the accu-

e ; e ; Al racy of the plane wave excitations in the finite difference time domain
v_alues of the incident ang_lfa, relative permltt|v_|ty, a_md _d|scret|2a method,”Radio Sci, vol. 32, pp. 2189-2199, Nov.-Dec. 1997.
tion. Furth.ell’more, the C”t!cal anglel in th? grid W||_| d”f_er_from [13] —, “An efficient and accurate technique for the incident-wave excita-
the true critical angle. Using the dispersion relation, it is pos-  tions in the FDTD method,/EEE Trans. Microwave Theory Techol.
sible to precisely determine the critical angle and attenuation ~ 46: PP 869-882, June 1998.

constant for any given set of parameters.

IV. CONCLUSION
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